DYNAMICS OF MANDELBROT CASCADES 



JULIEN BARRAL*, JACQUES PEYRIEREtt, AND ZHI-YING WENt& 



Abstract. Mandelbrot multiplicative cascades provide a construction of a 
dynamical system on a set of probability measures defined by inequalities on 
moments. To be more specific, beyond the first iteration, the trajectories 
take values in the set of fixed points of smoothing transformations (i.e., some 
generalized stable laws). 

Studying this system leads to a central limit theorem and to its functional 
version. The limit Gaussian process can also be obtained as limit of an 'additive 
cascade' of independent normal variables. 



1. A DYNAMICAL SYSTEM 

Consider the set ~ {0, . . . , 6 — 1}, where 6 > 2. Set s^* = lJri>o "^"i where, 
by convention, jz/'^ is the singleton {e} whose the only element is the empty word e. 
If w e £/* , we denote by \w\ the integer such that w € ^1™'. If n > 1 and 
w = wi ■ ■ ■ Wn G then for 1 < fc < n the word wi ■ • -Wk is denoted w\k- By 
convention, w;|o = e. 

Given v and w in jz/", v Aw is defined to be the longest prefix common to both v 
and w, i.e., v\n„, where uq — sup{0 < k <n : x|„ — y\n}- 

Let stand for the set of infinite sequences w — wiW2 • • • of elements of £/. 
Also, for X G s^^ and n > 0, let a;|„ be the projection of x on 

If w S s^* , we consider the cylinder \w\ consisting of infinite words in si^ whose 
w is a prefix. 

We index the closed &-adic subintervals of [0, 1] by jz/*: for w £ jz/*, we set 



l<k<\w\ l<fc<|t"l 



If / : [0, 1] i-^- M is bounded, for every sub-interval / = [a, /?] of [0, 1], we denote 
by A(/, J) the increment f{(3) — /(a) of / over the interval /. 

Let V the set of Borcl probability measures on R_|_. If fj, £ V and p > 0, we 
denote by mp(/i) the moment of order p of fj,, i.e., 

^pil^) — iJ,{dx). 
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Then let Vi be the subset of V whose elements have their first moment equal to 1: 

rl^{^ieV : mi(/i) = f}. 

The smoothing transformation associated with fi (z V is the mapping from V 
to itself so defined: If f G V, one considers 2b independent random variables, 
y(0), Y{1), . . . , Y{b — 1), whose common probability distribution is z/, and W^(0), 
. . . , W{b — 1) whose common probability distribution is /i; then S^,t^ is the 
probability distribution of b^^ Y{j). 

0<j<b 

This transformation and its fixed points have been considered in several con- 
texts, in particular by B. Mandelbrot who introduced it to construct a model for 
turbulence and intermittence (see P ITO l [6l fTT l 171 l4l l5] ) . 

In this latter case, the measure fi is in Vi so that maps Vi into itself. It 
is known that the condition J x log(a;) /i(da;) < log b is necessary and sufficient for 
the weak convergence of the sequence S^Ji (where 5i stands for the Dirac mass at 
point 1) towards a probability measure v, which therefore is a fixed point of (see 
lailOllIlElE]). In other words, if / x\og{x) ^i{<lx) < \ogb and if {W{w))^^^, is 
a family of independent random variables whose probability distribution is /i, then 
the non-negative martingale 

Yn^b-" W{w\i)W{w\2)---W{w\n) (1) 

is uniformly integrable and converges to a random variable Y whose probability 
distribution v belongs to Vi and satisfies S^;^ = i'. This means that there exists b 
copies VF(0), . . . , W{b - I) oi W and b copies Y{0), . . . ,Y{b - 1) of Y such that 
these 2b random variables are independent and 

6-1 

r = &-i^VK(fc)r(fc). (2) 

fc=0 

In this case, we denote the measure v by T/i. It is natural to try and iterate T. 
But, in general this is not possible because v — T/i may not inherit the property 
/ X log(a;) i'{dx) < log b. So, we have to find a domain stable under the action of T. 
This will be done by imposing conditions on moments. 

Indeed, it is easily seen that the sequence (l^n)n>i defined in ([1]) remains bounded 
in norm if and only if E(VF-^) = ni2(M) < b, and that in this case Formula ^ 
yields 

= (3) 
b-EW^ ^ ' 

It follows that if 6 > 3 and E M/^^ < 5 _ we have EY"^ < EW"^ (the equahty 
holding only iiW — 1). Therefore, since the condition EW^^ < 6 is stronger than 
E(M^logVF) < log 6 when EH^ = 1 (since the function t ^ logEVF* is convex), 
T is a transformation on the subset of Vi defined by 

^b = {^^(^Vl : 1 < m2(/i) < 6- 1}. 

If /i € due to (HI), we can associate with each n > a random variable 
Wn+i as well as 2b mutually independent random variables Wn{0), ■ ■ ■ , Wn{b — 1) 
and W„+i(0), . . . , Wn+iib — 1) such that 

1 ''^^ 

^"+1 Wn{k)Wn+iik), (4) 

fc=0 

T"/i is the probability distribution of Wn{k) for every k such that < fc < 6 — 1, and 
T"+^/i is the probability distribution of Wn+i and Wn+i{k) for every < fc < 6 — 1. 
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In Mandelbrot [HITU], the random variable Y represents the increment between 
and 1 of the non-decreasing continuous function ft, on [0, 1] obtained as the almost 
sure uniform limit of the sequence of non-decreasing continuous functions defined 

by 

4>n{n) = / \\W{i\k)dt, (5) 

•^0 fc=l 

where t stands for the sequence of digits in the base h expansion of t (of course the 
ambiguity for countably many i's is harmless). In other words, for w G £/* , we 
have 

A(0,/„)=6-|-ly(u;) n W{w\,), (6) 

l<j<\w\ 

where has the same distribution as Y and is independent of the variables 

Let us denote by the probability distribution of the limit (f), considered as 

a random continuous function. 

We are going to study the dynamical system (^f,,T). This will lead to a de- 
scription of the asymptotic behavior of (T"/i, F(T"~^^))^^^ as n goes to oo. 

We need some more definitions. For b> 3, set 

Wi\o) = mm 0—1, 0— 

^ ' V 54 + 8&2 - 126 + 4 

and, for t such that \ < t < W2{h) , 



, 62 I /6(64-462-M26-8)-i(64 + 862 - 126 + 4) 



b-t 



One always has 103(6, t) < 6^ — 1. 
Also set 

^f, = |/i e P : mi(^) 1, 1 < m2(Ai) < W2{h), and m3(/i) < W3 (6, m2(/i)) |. 
Theorem 1 (Central limit theorem). Suppose 6 > 3. Let jj. £ 3^^,, and, for n > 1, 
.e^„e.„.(/,.-l)n>,d.))'%..„ 

(1) The limit of (6 — l)"/^^-^^ exists and is positive; so lim„^oo T"/Lt = Si. 

(2) If fie %, then, sup / (\^—^] T^dx) < 00. 

n>lj V J 

(3) Suppose that there exists p > 2 such that sup / j T"/i(da;) < 00. 

n>lj V '^n ) 

Wn~l 

Then, if Wn is a variable whose distribution is T"/i, converges in 

distribution towards M{0, 1). 

Theorem 2 (Functional CLT). Suppose 6 > 3. Let fie ,^b- Then 

(1) The probability distributions i^(T"/i) weakly converges towards Si^- 



(2) Suppose that there exists p > 2 such that 

sup / f\^-^y TXdx) < 00. 

n>lj V '^n J 



(In particular, this holds if fi lies in the domain of attraction !^b-) Then, if 
hn is a random function distributed according to F(T"^^fj.), the distribution 
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of — weakly converges towards the distribution of the unique contin- 

nous Gaussian process {Xt)t^\o^i\, such that X(0) = and, for all j > 1, 
the covariance matrix Mj of the vector {A{X, I^)^ ^^^j is given by 



' b-"^^ {1 + {b - l)\w\) ifw = w', 
b^"^^ {b ~ l)\w /\ w' \ otherwise. 



In Section[31 we will give an alternate construction of this Gaussian process X: It 
will be obtained as the almost sure limit of an additive cascade of normal variables. 

2. Proof of Theorem [T] 
Throughout this section and the next one, we assume 6 > 3. 

Proposition 3. If H € 3^h and cr^j — J (x~ l)^T"/x(da;), the sequence (b— l)"/^cr„ 



converges to ctoi 



6-2 



b-2-al' 



Proof. Equations ^ and ^ yield EVF?,, = ^ , from which we get the 

— E Wjf 

formula 

'yl+i = ^w^.+i-i= (7) 

which can be written as 

^'+1 _{b-l)-'al 



This yields 



',,+1 ' - 2 



□ 

Proposition 4. If G S^t, then both sequences (m2(T"/i))^^^ and (m3(T"//))^^j^ 
are non-increasing and converge to 1 as n goes to oo. 

Proof. For n > 0, we set Un = m2(T"^) and Vn — m3(T"/i) and deduce from ([4]) 
that, for all n > 0, we have 

^ - 1 

Un+l = 7 (9) 

(6- l)(3w„M„+i +5- 2) 

Vn+1 = ^-75-3 (10) 

if Un < b and f„ < 6^. 

Since 1 < uq < b—1, as we already saw it, Equation ([9]) imphes that m„ decreases, 
except in the trivial case ^ = Si. Moreover u„ converges towards 1, the stable fixed 
point of i (6- l)/(6-t). 

The conditions m2(/^) < W2{b) and m3(^) < 103(6, m2(^)) are optimal to ensure 
that vi < vq, and also they impose vq < 6^ — 1. We conclude by recursion: if 
Vn+i < Vn < b'^, then we have 

(6 - l)(3u„+iu„+2 + 6-2) 



Vn+2 < 



62 - Vr, 



(6- 1)(3m„u„+i +6- 2) 

- y^.. = ""+^- 
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Thus {vn)n>o is non-increasing and 1 < Vn < — 1, so we deduce from (jlOp and 
the fact that u„ converges to 1 that w„ converges to the smallest fixed point of the 
mapping a; i-^- (fe^ — — x), namely 1. □ 

Proposition 5. There exists C > such that, for ji Cz &b o-nd n > I, we have 
{b' ~EW^)E\Z^^,\ <{b- 1)^/2 E iZfJ + C((E + (E |Z,fJ)i/3 + i), 

where Z„ — — . 

Proof. We use the following simphfied notations: W = Wn, Y — Wn+i, <ty and aw 
stand for the standard deviations of F and W, Zy = Oy^ 1|, Zw = |W — 1|, 
and r = aw / o'y ■ 

6-1 6-1 

Then Equation Q becomes b\Y - 1\ <Y^ W{i) \Y{i) - 1| + ^ \W{i) - 1|, 

1=0 i=0 

i.e., 

6-1 6-1 

6Zy <^W^(z)Zy(,)+r^ZH.(,), (11) 

i=0 1=0 

which yields 

(6^ ^ E{W'))E{Z^) < r'E{Z^) + ^ (^) r' T„ 

where 

To = 3{b- 1)EW^EZ^EZy + {b- l)ib-2){EZY)^, 
Ti = E{W'^Zw)EZl + 2{b-l)E{WZw){EZYf 

+ {b-l)EZwEW'^EZl + {b'- l){b-2)EZw{EZYf, 
T2 = EZYE{WZ^) + 2{b-l)E{WZw)^ZYEZw 

+ {b-l)EZYEZ^ + {b-l){b-2)EZY{EZwf, 
T3 = 3ib-l)EZwEZ^ + {b-l){b-2){EZwf. 

As, for X e {W,Y} we have EZx < (EZ'^Y^'^ = 1, and EX'^ < b, we get the 
simpler bound 

{b^ -EW^)EZ^ <r^EZ^ + (^^ r'T^, 

i=o 

where 

U = (6-l)(46-5), 

T{ = E{W^Zw) + 2{b-l)E{WZw) + ib-l)i2b-3), 

= E{WZ^) + 2{b-l)E{WZw) + {b-l)^, 
% = 52 - 1. 

Since E < fe^ — 1 , the Holder inequality yields 

EiW^Zw) < {EW^f^^iEZ^y/^ < {b^ - l)2/3(EZ^)i/3 

and 

EiWZ"^) < {EW^)'^/^{EZlyf/^ < (6^ _ i)i/3(E ^3^)2/3^ 

Furthermore, E{WZw) < {EW'^EZ^^^^ < Vb^. 

We know from ([T]) that r < \/b — 1. Therefore, there exists a constant C > 
independent of [i such that 

(6^ ^EW'^)EZl <{b- 1)3/2 E + c ((E zii.)2/3 + (E Zj^-)^^^ + l) • 
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□ 



Corollary 6. If e % then sup / cr„^ \x ~ lpT"^(da;) < oo. 

n>l J 

Proof. Since 6^ — E converges towards 6^ — 1, and fe^ — 1 > (6 — 1)"^^^, the bound 
in the last proposition yields that Z„ is bounded in L"^. □ 



Recall that we set Z„ = . Equation ^ yields 



(fc) Z„+i(fc) + Z„(fc) + Z„+i(fc) 



6 

fc=0 

If we set 

-Rn = -^^„(j)2'„_i(j)(T„_i + - I - \/6 - 1 j ^Z„_i(j), 

then Equation (fT^ rewrites as 



(12) 



b ^ , 



Z„+i = H — ^ + X! ^n+i{k). 

k=0 k=0 

We are going to use repeatedly Formula (fT5| . Fix n > 1 and write 



(13) 



Z„ - Z„(e,e) = i?„(e,e) + ^ ^„-i(j,0) + ^ ^ Z„(j,l) (14) 



and 



Z„(j, 1) = i?„(.?, 1) + ^ ^„-i(jfc, 10) + ^ E ^"(^■^' 



Z„_i(.7,0) = Rn-iU,0) + ^ Z„_2(jfc,00) + IY1 Zn-i{jk,01). 

k£j^ ken/ 

Then Formula (I14p rewrites as 

Z„(e,e) =^^(6, £) + &-! (Vfe^i?„-i(j,0) + i?„(j, i; 

6"' H ((6-l)Z„_2(?z;,00) + V5^(Z„_i(w,01) + Z„_i(w;,10))+Z„(w,ll)), 
and so on. At last we get Zn = Ti „ + 72_n , with 

n-l 

Ti,„ = 5^6-^- 5] (6-l)('=-^("»/2i?„_,+,(^)(u;,m) (15) 

fc=0 mG{0,l}'' 

T2,n = J2 (^^-l)'""'^"^'/'^.M(^i',"^), (16) 

where <;(m) stands for the sum of the components of m. Moreover, all variables in 
Equation (|16p are independent, and in Equation (I15D . the variables corresponding 
to the same k are independent. 



Proposition 7. We have lim lETf „ = 0, so Ti n converges in distribution to 0. 

n — ^oo ' ■ 
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Proof. Set rl Ei?^. We have 

which together with Formulae ([7]) and ^ imphes that there exists C > such that 
< C(6 — 1)~" for all n > 1. By using the independence properties of random 
variables in (fT5|) as well as the triangle inequality, we obtain 

. 1/2 

0<fe<n \0<j<k ^"'^ 

1/2 



< E E hbHb-iy{b-i} 

a<k<n \0<j<fc ^■^^ 



0<A:<n 

OKI ^-^"^'"^ 



6(6-1) 



□ 



Proposition 8. // there exists p > 2 such that 

p 



sup / — ^) TXdx) < oo, 

n>lJ V '^n / 

(i.e., {\Zn\)n>i is bounded in L^), then T2^„ converges in distribution to JV{0, 1). 

Proof. If y is a positive random variable, a, p and e are positive numbers with p > 2, 
we have 

E(a2y2l{,^>,}) < a^EYn'^^ {F{aY > e))'-'/" 

< (E yP)2/P (e-PflP E YP) ^"^^^ = aPe^^P E Y^. 

So, we have 

:{o,i}" ^ ^ ^ J 



^(Mfon-np(fo_l)p(«-'c))/2^2-pE|^^|p< f ^'^ fcp-l ) SUpE|Zfcr, 



(6-l)P/2 + l\" 



fe>0 



fe=0 

and this last expression converges towards as n goes to oo. But, as we have 



"£{0,1}" fc=0 



The Lindeberg theorem yields the conclusion. □ 



8 



BARRAL, PEYRIERE AND WEN 



3. Proof of Theorem [D 
We begin by the following observation: for any real function / on [0, 1], one has 
cj{f,S)<2{b-l) sup A(/,/,„), (17) 

where, 6) stands for the modulus of continuity of a function / on [0, 1]: 

Lj{f,S)^ sup \f{t)-f{s)\. 
t,se[o,i] 

\t-s\<S 

Proposition 9. Suppose that ii G ^j,. // /i„ is a random continuous function 

distributed according to -F(T"~^/i), set Zn = — . The probability distributions 

of the random continuous functions Zn, n > 1, form a tight sequence. 

Proof. By Theorem 7.3 of 3 , since (ft,„ — ld)(0) = almost surely for all n > 1, it 
is enough to show that for each positive e 

limlimsupP(w(Z„,(5) > 2(6- 1)£) = 0, (18) 

We first establish the following lemma. 

Lemma 10. Let 7 and H be two positive numbers such that 2H + 7 — 1 < 0. Also 
let hq > 1 be such that sup„>„|^_]^ E < 6'*'. For j > 1, n > hq and t > we have 

P( sup A(Z„,/„) > tb-^") < {b-l)t-^{j + i)3foi(2ff+7-i). 

Proof. Let j > 1, w e jz/^ and n > uq. Formula ^ shows that the increment 
A„(w) — A{Zn,Iw) takes the form 



An{w) = b-^a-' 



Wniw) Yl Wn^wlk) - 1 



k=l 



= b-^Zniw)'[[W„^iiw\k) (19) 

k=l 

j l-l 

1=1 " fe=i 

Consequently, 

P(|A„(u;)| > tb-^") < P (^b-^Zniw)J[WnMw\k) > 

1=1 \ k=i J + ^ J 

By using the Markov inequality, the equality E = 1, and the fact that E W^-i > 
1, we obtain that each probability in the previous sum is less than 

{b-l)t-^{j + lfb-^^^-"^^{EW^^,)\ 

so that the sum of these probabilities is bounded by (b — 1) t^^{j + l)3&i(7-2(i-_f/))_ 
Consequently, 

F{3we£/\ \Aniw)\>tb-^") < (fe-l)i-2(j + l)35j(7-2(l-if) + l) 

= (6-l)i-2(j + l)35j(2H+7-l), 
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□ 

Now, we can continue the proof of Proposition [H Fix i/, 7, and uq as in 
Lemma Uni set js — — logf, S, and assume that n> uq. Due to (fT7|) and Lemma \TU\ 
we have 



so 



{uj{Zn,S)>2{b-l)e} c <^ ^ sup A(Z„,/^,) >£ 

p(..(z„, ^) > -!)£)< E + ifb^'"^-^-'^^. 

j>jo 

Consequently, 

lim sup r{uj{Z„, 6) > 2(6 - 1) e) = 0. 

"5^0 „>„„ 



□ 



Proposition 11. Suppose that fi €z S>b. For every n> \ let /i„ be a random contin- 
uous function whose probability distribution i/_F(T"/i). Fix J > 1. The probability 
distribution of the vector \ /\( ^"^M ^ j^-^ \ converges, as n goes to 00, to that 

of a Gaussian vector whose covariance matrix Mj is given by 



'6-2j(i + (6- i)|iy|) ifw^w', 
6^^^ (6 — l)|w A w'l otherwise 



Proof. We use the same notations as in the proof of Lemma [TUl Let j > 1 and 
w e si/^ . In the right hand side of p9|) . the random variables Zn{w) and Z„_i(w|/), 
1 < I < j, are mutually independent and their probability distribution converge 
weakly to Af{0,l), while the common probability distribution of the W„-i(w|/), 
1 < I < j, converges to 61, and ^f-^ converges to \/b — 1. 

This imphes that there exist (A/'(w))^g|jj and two families of 

Af{0, 1) random variables so that all the random variables involved in these families 
are mutually independent, and 

Jim (A„(u;))^^^, b-^ h{w) + V6^E -^(^U) j • (20) 

The fact that the vector in the right hand side of ([20]) is Gaussian is an immediate 
consequence of the independence between the normal laws involved in its definition. 
The computation of the covariance matrix is left to the reader. □ 

4. The limit process as the limit of an additive cascade 

Recall that, if w e £/* , [v] stands for the cylinder in ^/'^ consisting of sequences 
beginning by v. Let ^+ stand for the set of non-empty words on the alphabet jz/. 
We are going to show that there exists a finitely additive random measure M on 
satisfying almost surely for all w € s^~^ 

M(H) = b-= (^CH + ^(^l'^)) (21) 

instead of (|20p . where the variables (C(^))^,g^+ independent with common dis- 
tribution A/'(0, 1) and the variable C(z«) isA/'(0, 1) and independent of {^{Mj)) i<:j<:\w\- 
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Indeed, if we set S{w) = J2k=i ^(^lfc)' should have 

£Gi/ V k=l / 

= (^C{w£) + Vb~T£,{we)'^ + bVb~lS{w). 

Iterating this last formula, gives 

n 

({w)^b-" Y ({wv) + Vb^Y^'' J2 ^("'")- 

vEj^^ j=l vei^i 

The first term of the right hand side converges to with probability 1 since its 
norm is The second term is a martingale bounded in norm. Therefore 

its limit, a A/'(0, 1) variable, is a.s. equal to (.{w)- 

Finally, we get a finitely additive Gaussian random measure defined on the cylin- 
ders of s/'^ by 

M{[w]) = lim J2 b-^"'^^{wv) + ^ ^{w\k) . (22) 

i<k<\w\ J 

Then, the limit process of the previous sections can be seen as the primitive of 
the projection of M on [0, 1]. 

Of course makes sense even for 6 = 2. 
It is easy to compute covariances: 



E{M{[v])M{[w]) = 



'b-^\^'\{l + {b-l)\v\) ifw^v, 
(6- l)6-(l''l+l"'l)|wA w| otherwise. 



It is then straighforward to check that, with probability 1, for all e > we have 
sup„g^„ |M([u])| — o(6~"(^"'^^). This can be refined, in particular thanks to the 
multifractal analysis of the branching random walk S{w) = J2i<j<\w\ ^(Mj)- 
term of the associated Gaussian process {Xt)te[o,i], it is natural to consider for all 

a G M the sets 

E^ = lte [0, 1) : limsup ^^^'^"^^^^ = aVb^} , 
„^oo nb'^ J 

E, = !te [0. 1) : hminf ^^^'^"^^^^ = aVb^\ , 
— " \ ^ n^oo nb-^ J 

and 

Ea = E_a , 

where Init) stands for the semi-open to the right &-adic interval of generation n 
containing t. 

In the next statement, dim E stands for the Hausdorff dimension of the set E. 

Theorem 12. With probability 1, 

(1) The modulus of continuity of X is a 0(51og(l/(5)), 

(2) X does not belong to the Zygmund class, 

(3) the set Eq contains a set of full Lebesgue measure at each point of which X 
is not differentiable, 



(4) dim Ea = dim E^ = dim E^^l- 2\ogb " \/21og6, and Ea=% if 

\oi\ > \J2 log 6. Furthermore, E_ ^ 2 log b '^"■'^ ^^/TiogB '^''^ nonempty. 
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Remark 1 . We do not know whether there are points in Eg at which X is differen- 
tiable. We do not cither if the pointwise regularity of X is 1 everywhere. 



Proof. For w e as above we set C(w) = V5^~Thm„^oo X^usUfc i-^''^ '^'^(ww). 

We have J2n>i ^(^ ^ ^ -^"i > 2^/2Togb^/n) < oo, hence, with probabil- 

ity 1, sup,„g^„ \C{w)\ = 0(07). 

Also, E„>iIP(3 w e \S{w)\ > 2ny/2 log 6) < oo and, with probability 1, 

supjygj^n — 0{n). This yields the property regarding the modulus of conti- 

nuity thanks to ^T7\ . This proves the first assertion. 

To see that X is not in the Zygniund class, it is enough to find t e (0, 1) such that 



lim sup 



f{t + h) + f{t-h)-2f{h) 



stand for the infinite words 0(5— f f ) 
We have 

f{t + h) + f{t-h)-2f{h) 



= oo. Take t = h ^ and h = b ^. Let t and t 
(b-l) • • • and l{b-l){b-l) . . . (b-l) 



s(<|„) - s(t|„)| 

at\n) - C(i|„) 



Vb^ 



Since |C(^|n) " C(*|n)l = C)(V") since the random walks S{t\„) and S{t^^) 
are independent, the law of the iterated logarithm yields the desired behavior as 
h = goes to 0. 

The fact that Eq contains a set of full Lebesgue measure on which X is nowhere 
differentiable is a consequence of the Fubini theorem combined with the property 
IC(^|ti)| = 0{y/n) and the law of the iterated logarithm which almost surely holds 
for the random walk (S'(t|„))„>i for each t € [0, 1]. 

Since, with probability 1, we have sup,„g^,i ICI""^)! === C)(v^); only have to 

take into account the term S{w) in the asymptotic behavior of / ,.VT"^ as \w\ 



tends to oo. Thus, in the definition of the sets E_^, Ea and E^ 



be replaced by 



S{w) 



\w\b\-^\ 
^{X,I^) 

Vb^\w\bM 



Then the result is mainly a consequence of the work ^ on 



the multifractal analysis of Mandelbrot measures. 

To get an upper bound for the Hausdorff dimensions, we set 



/3(g) = liminf — — log, 



exp{qS{w)) 



for g G M. Standard large deviation estimates show that dim Fa < inf 



-aq 



.Tulogb-^^'^^ 

for all a e M and F G {E_, E, E} (the occurrence of a negative dimension meaning 
that the corresponding set is empty). Also, using the fact that l3{q) is the supremum 
of those numbers t such that limsup„^o^ 5"* J2wi£i/" exp((75(ui)) < oo yields 



P{q) > lim --logfcE J2 



exp(q5(w)) 



2 log 6 



Since both sides of this inequality are concave functions, we actually have, with 
probability 1, (5{iq) > — 1 — g^/21og& for all g S M. Consequently, the upper 
bound for the dimension used with a — ~f3'{q) logb — q yields, with probability 1, 
dim < 1 - q^/2 for aU q G [-\/2log6, V21og6J and i^, = if \q\ > VTlogb. 
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For the lower bounds, we only have to consider the sets Ea. 

If g G [— y/2 log b,y/2 log b\ , let (j)q be the non-decreasing continuous function 
associated with the family (Wq{w) = exp{qW{w) — 'Z'^/2))^g^+ as was with 
in Section [TJ We learn from [2] that, with probability 1, all the 
functions (pq, q £ (— V2log6, 2 log b) are simultaneously defined; their derivatives 
(in the sense of distributions) are positive measures denoted by ^q. Then, compu- 
tations very similar to those used to perform the multifractal analysis of /ii in [2] 
show that, with probability 1, for all q G (— ■v/2 log b, \J2 log 6) the dimension of [iq 
is 1 - (7^/2 log and [iq{Eq) > 0. 

For q G {— ^/2 log b, v^2Tog&} it turns out (see [3 [2]) that the formula 

l^-qilw) = hm - Il{wv)logIl{wv), 

p — >oo ^ — ^ 

where 

\w\ p 

Uiwv) ^ 6-1-1+^' Yl Wqiw^k) n Wqiwv^,), 

fe=l 3=1 

defines almost surely a positive measure carried hy Eq. □ 

5. Other random Gaussian measures and processes 

This time 6 > 2, {S.i'^)) is a sequence of independent A/'(0, 1) variables, and 

(a(z«))^^^^ and (/3(^))^g^+ are sequences of numbers subject to the conditions 

a{w) = a{w£), 

\a{wv)\^ \/3{wv)\^ < oo for some p e (1, 2]. 

Then, for all w G J2/+, the martingale J^vgs^^^ a{wv) l3{wv) (,{wv) is bounded 
norm (if p < 2 this uses an inequality from Ij) and the formula 

M(H) = lim V a{wv) P{wv) ^{wv) + aiw) V /3(wL) ^(wL) (23) 

almost surely defines a random measure which generalizes the one considered in 
the previous sections. Here again, the primitive of the projection on [0, 1] of this 
measure defines a continuous process, which is Gaussian if p = 2. 

Remark 2. The hypotheses under which this last construction can be performed 
can be relaxed: if the random variables ^{w), w G , are independent, centered, 
and J2ve£^+ \ct{wv)\P\f3{wv)\PE,{\^{wv)\P) < oo. Formula ([25]) still yields a random 
measure. 

The fine study of the associate process as well as some improvement of Theo- 
rem [T2] will be achieved in a further work. 
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